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A PROOF OF FEIGIN'S CONJECTURE 
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1. Introduction 

The present paper is devoted to further development of semiinfinite cohomology of small quan- 
tum groups. The topic appeared first in |Arl], where the very definition of semiinfinite cohomology 



Ext^ (C, •) was given. The setup for the definition of semiinfinite cohomology of an algebra A 
Y^ includes two subalgebras B,N G A and the triangular decomposition of A, i. e. the vector space iso- 
ON ', morphism B(^N^^^A provided by the multiplication in A. Fix root data {Y, X, . . .) of the finite type 
^^ ' (/, •) and a positive integer number i. The small quantum group U£ with the standard triangular de- 
composition turns out to be a very interesting object for the investigation of semiinfinite cohomology. 
gj [ The explanation for this lies in the following fact proved by Ginzburg and Kumar in [GK|. Consider 
Q ' the set of nilpotent elements A/" in the simple Lie algebra g corresponding to {Y, X, . . .). 

-vj Theorem: Ext* (C, C) = J-un{N) as an associative algebra. The grading on the right hand side is 
provided by the action of the group C* on the affine variety J\[ . D 

On the other hand it is proved in [Ar2| that the algebra Ext^(C, C) acts naturally on the semiinfinite 



^) ' cohomology of A. Thus in particular Extu^ (C, ■) becomes a quasicoherent sheaf on M. It is natural 
to look for the answer for semiinfinite cohoomlogy of U£ in terms of geometry of A". B. Feigin has 

^ I proposed the following conjecture. Consider the standard positive nilpotent subalgebra n+ C A/" C g. 

t^^ Conjecture A: The quasicoherent sheaf on A provided by Ext^^ (C, C) is equal to the sheaf of 

Q^ algebraic distributions on A" with support on n+ C Af. D 

i^jT). Moreover note that the simply connected Lie group G with the Lie algebra equal to g acts naturally 

'^ ' on A". This action provides a structure of a n"'"-integrable g-module on the described distributions' 

cr- 



space. On the other hand it was shown in | Arl | that there exists a natural f7(g)-module structure on 

22-(_, 

Exty^ (C, C). The g-module version of the Feigin conjecture states that the described g-modules are 



isomorphic. In [Arl| and [Ar5] the conjecture was proved on the level of characters of the g-modules. 
KN ' In the present paper we give a full proof of the Feigin conjecture. 



1.1. Let us describe briefly the structure of the paper. In the second section we recall nessesary facts 
concerning the usual cohomology of small quantum groups. The main facts here include the mentioned 
Ginzburg-Kumar theorem, the Kostant theorem describing the algebra structure on Tun{M) (see 
2.3.4|) and a homological description of a certain degeneration U£ of the algebra U£ (see E^) . It turns 



out that both the usual and the semiinfinite cohoomlogy of the algebra u^ with trivial coefficients 
can be described as associated graded objects for the corresponding functors over U£ with respect to 
certain filtrations. 

In the third section we prove the .Fun(AA)-module version of the Feigin conjecture. The main 

arguments here are as follows. First we describe the Ext* (C, C)-module Ext~^ (C, C). Next, using 
this description, we construct a morphism of J-un{J\f)-va.odvles 

CD: F0(AA\Z)iU...U%R+),O^)^Extur (C,C), 

where -Di, . . . , -Dj(fl+) denote the coordinate divisors such that rijDi = n+. Note that the first Tun{M)- 

module contains the distributions module H^+ (AA, Oj\f) as a certain quotient module. 

Finally, using the connection between Extu^ (C, C) and Ext~^ (C, C) we prove that the map $ 
provides a .Fnn(A')-module isomorphism 

i/;S.^^)(AA, 0^)=;Ext|+'(C, C). 



In the fourth section we prove the g-module version of the Feigin conjecture. The main steps of the proof 



are as follows. First we construct explicitly the n"'"-module isomorphism. Next we recall from [ Arl | that 

2£_|_, 

there exists a nondegenerate g-equivariant contragradient pairing on Extu^ (C , C) . We construct its 

geometric analogue on H^^ (A^, O^). On the other hand it is easy to verify that H^_^_ (A/", O^) is 

free over the algebra U{n~). It follows that both H\ (A/", Oj\f) and H ). {M, Oj\f) are co-free over 
[/(n"*"). Using the constructed contragradient pairung on the g-module of semiinfinite cohomology we 

see that the latter module is C/(n-)-free. It follows that both H^^^'^\M, O^) and h'^^^'^\M , Oj^) are 
tilting g-modules. Finally a beautiful result of Andersen states that a tilting g-module is completely 
determined up to an isomorphism by its character (see Q). 

In the fifth section we p resent a generalization of the Feigin conjecture as follows. Consider the 
contragradient Weyl module DVF(£A) over xxi with the highest weight l\. On the other hand let p : 
T*{G/ B) — > G/ B) denote the cotangent bundle to the flag variety of G. The moment map for the 
symplectic G-action on T*(G/B) provides the Spring er-Grothendieck resolution of singularities of the 
nilpotent cone /i : T*{G/B) — > M. Consider the linear bundle C{X) on G/B. 

Conjecture B: The Tun{M) = Ext*^ (C, C)-module Ext^ {C,BW{eX)) is isomorphic to 

H^f^\M,^,,p*£{X)). D 

We give a sketch of the proof of the Conjecture B. The main tool here is a certain specialization of 
the quantum BGG resolution into the root of unity. We call it the contragradient quasi-BGG complex. 
This complex has DW{£X) as a zero cohomology module. We conjecture that the contragradient quasi- 
BGG complex is in fact quasiisomorphic to DW{£X). Still even without the last assumption we manage 
to prove Conjecture B. 
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94-94720. 

Part of the work over results of the paper was done during the author's visit to Ecole Polytechnique 
in Paris in December 1996. The author is happy to thank the inviting orgainization for hospitality 
and stimulating research conditions. 

The author would like to thank B. Feigin, M. Finkelberg, V. Ginzburg, W. Soergel and V. Ostrik 
for helpful discussions. 

2. Small quantum groups. 

2.1. Root data. Fix a Cartan datum (I, •) of the finite type and a simply connected root datum 
(y, X, ...) of the type (/,•). Thus we have Y = Z[/], X = Hom(y, Z), and the pairing ( , ) : 
Y X X — > Z coincides with the natural one (see p^ , I 1.1, I 2.2). In particular the data contain 
canonical embeddings / ^-> y, i i— > z and / ^-> X, i i— > i' : {i' ,j) := 2i ■ j/i ■ i. The latter map is naturally 
extended to an embedding Y C X. Denote by ht the linear function on X defined on elements i' , i a I, 
by ht(i') = 1 and extended to the whole X by linearity. The root system (resp. the positive root 
system) corresponding to the data {Y,X,...) is denoted by R (resp. by R'^), below W denotes the 
Weyl group of R. 

2.2. Quantum groups at roots of 1. Given the root datum (Y,X,...) Drinfeld and Jimbo con- 
structed an associative algebra U over the field Q{v) of rational functions in v with generators 
Ei,Fi,K- ,i G I, and relations being the quantum analogues of the classical Serre relations in the uni- 
versal enveloping algebra of the corresponding simple Lie algebra g. The explicit form of the relations 
can be found e. g. in [Ll|, I 3.1. We call the algebras U the quantum groups. 



Lusztig (see [|L1| , V 31.1) defined a Q[t;,u^ ]-subalgebra Uq in U being the quantum analogue of 
the integral form for the universal enveloping algebra of g due to Kostant. In particular the elements 
Ei,Fi,K^ ,i G I, belong to Uq. Let i be an odd number satisfying the conditions from | GK ]. Fix 



a primitive i-th. root of unity (. Define a C-algebra U^ := Uq(8iq[„^„-i]C, where v acts on C by 
multiplication by C- It is known that the elements K^, i G I, are central in U^. Set U^ := \Ji/{K^ — l, i G 
/). The algebra U^ is generated by the elements Ei, E^ , Fi, F- , K- , i G /. Here E^ (resp. F^ ) 
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denotes the i-th quantum divided power of the element Ei (resp. Fi) speciahzed at the ro ot of unity 

C- 

Following Lusztig we define the sTuall quantum group Ui at the root of unity (" as the subalgebra 
in \j£ generated by all Ei,Fi,K^,i G /. Denote the subalgebra in U£ generated by Ei,i & I (resp. 
Fi,i € /, resp. Ki,i € /), by u^ (resp. u^, resp. u^). Note that the algebra U£ is graded naturally 
by the abelian group X. Using the function ht we obtain a Z-grading on ue from this X-grading. In 
particular the subalgebra u^ (resp. u^) is graded by Z>o (resp. by Z<o). 

Below we present several well known facts about the algebra ui to be used later. Recall that an 
augmented subalgebra B d A with the augmentation ideal B C B is called normal if AB = BA. If so, 
the space A/AB becomes an algebra. It is denoted by Aj jB. Fix an augmentation on u^ as follows: 
Ei i-H- 0, Fj I— > 0, -fCj 1-^ 1 for every i € /. Set C := u^/u£. 



2.2.1. Lemma: (see [lAJSJ 1.3, @ Theorem 8.10) 



(i) The multiplication in u^ provides a vector space isomorphism u^ = u^ (g)U£(8>u^; dimu^ = u^^ >\ 

the subalgebra u^ is isomorphic to the group algebra of the group (TLjlTL)^^^' . 
(ii) The subalgebra u^ C U^ is normal and we have Uf//u^ = [/(g). D 

The subalgebra u^(E>u^ (resp. u^^u^) in u^ is denoted by b^ (resp. by b^). Recall that a finite dimen- 
sional algebra A is called Frobenius if the left ^-modules A and A* := Homc(^,C) are isomorphic. 



2.2.2. Lemma: (see [Arl|, Lemma 2.4.5) The algebras u^ and u^ are Frobenius. D 

Consi der the filtration on the algebra Ui as follows. Let the filtration component F-'^{u£) be linearly 
generated by X-homogeneous monomials u = u~'^u^'^u~^ such that | ht(degM~)| + | ht(degn"'")| < d. 
By definition set vie '■= gr^U£. Evidently we have gr-^ bf = bt, gr^ b7 = b7, gr-^u9 = u«. 



2.2.3. Lemma: Elements of the subalgebra u^ C U£ commute with elements of the subalgerba 
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ut C Ue. D 



Both the X- and the Z-grading as well as the augmentation on ue are induced by the ones on ue- 
Denote the category of X-graded finite dimensional left U£-modules (resp. u^-modules) M = ^ M\ 

such that Ki acts on M\ by multiplication by the scalar Q^'^' and Ei : M\ — > Mx^i', Fi : M\ — > 
M\-ii for all i ^ I, with morphisms preserving X-gradings, by U£-mod (resp. by U£-mod). For M, A'^ G 
U£-mod and A G £ • X we define the shifted module M(A) G u^-mod : M{\)^ := Ma+^ and set 
Homu^(M, N) := Homu^_mod(-^(A), X). The functor Homy^ is defined in a similar way. Evidently 

Ag£X 

the spaces Homu^(-, •) and IIomu^(-, •) posess natural i ■ X-gradings. 



2.3. Cohomology of small quantum groups. Consider the i. ■ X x Z-graded algebra Ext* 



Uf \ 



Note that by Shapiro lemma and Lemma 2.2.1| (ii) the Lie algebra 3 acts naturally on the Ext algebra 



and the multiplication in the algebra satisfies Lebnitz rule with respect to the g-action. In [GK| 



Ginzburg and Kumar obtained a nice description of the mu Itiplication structure as well as the q- 
module structure on Ext*^(C, C) as follows. 

2.3.1. Functions on the nilpotent cone. Let G be the simply connected Lie group with the Lie algebra 
g. Then G acts on g by adjunction. The action preserves the set of nilpotent elements A/" C g called 
the nilpotent cone of g. The action is algebraic, thus it provides a morphism of g into the Lie algebra 
of algebraic vector fields on the nilpotent cone Vect(N'). The latter algebra acts on the algebraic 
functions H^{Af,Oj\f). The action is G-integrable. Note also that the natural action of the group C* 
provides a grading on H^{M, Oj\f) preserved by the G-action. 

2.3.2. Theorem: (see |GK[1 ) The algebra and g-module structures on H^{J\f, 0_\f) and on Ext*^(C, C) 
coincide. The homological grading on the latter algebra corresponds to the grading on the former one 
provided by the C*-action. The X-grading on H^{J\f, Oj^f) provided by the weight decomposition with 
respect to the action of the Cartan subalgebra in g corresponds to the natural I ■ X-grading on the 

space Extu^ (C,C). D 

We will need a more detailed description of the algebra H^{M,Oj\f). First the folowing result of 
Kostant shows the size of the algebra. 
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2.3.3. Proposition: (see 0) ch {H^iM, O^), t) = ^ (r:_T-^f)(i-e^f) - 

Here the indeterminate t stands for the homogeneous Z-grading, for a weight a = X] ^«^' the symbol 
e" denotes the monomial nj(^* )"'' ^^^ ^(^) denotes the length of the element of the Weyl group. D 
In particular the space 

{H^M, O^))^ = Ce; © Ce^ C/: = n+* © C^^ © n^*, 

aeR+ weW,it{w)=l a£R+ w€W,l{w)=l 

where the X-grading of the element e* (resp. /*, resp. ^w) is equal to —a (resp. to a, resp. to 0). 
Consider the subalgebra H^ (resp. H^) in H^{M,Oj\j) grnerated by the space n"*"* (resp. n~*). The 
detailed description of the algebra structure on H^{M, Oj\f) is given by the following statement. 



2.3.4. Proposition: (see [ [Ko| , Theorem 1.5) The algebra H- (resp. //+) is equal to the free com- 
mutative algebra S'*(n+*) (resp. 5'(n"*)). D 

Note that the inclusion 5*(n-*) ^ H^{M,Om) (resp. S"(n+*) ^ H^{N,Om)) corresponds to the 
coordinate projection AA ^-> g — > n^ (resp. AA ^-> g — > n^). In particular we obtain a description of 
the algebra Ext'^(C,C). 

2.3.5. Corollary: Ext'^(C,C) = S'{xi-*)®Ho(^S'{n+*) as a module over S'{n-*)(^S'{n+*). Here 

Ginzburg and Kumar also proved the following statements (see [|GK|| ). 
(i) Ext*_(C, C) = @ Cv^®S*{r\~*) as a X x Z-graded vector space. Here the homological grading 

of the element i/^, w G W , is equal to /(to), and its X-grading equals p — w{p). The homological 
grading (resp. the X-grading) of the element /* G n~* equals 2 (resp. (.a'). A similar statement 
holds for the Ext algebra of u^ . 
(ii) Ext*_(C,C) (resp. Ext*+(C,C)) is equal to S"(n~*) (resp. 5*(n+*)) both as an associative algebra 

and as a n~- (resp. n"^-) module, 
(iii) The natural map Ext* (C,C) — > Ext* (C,C) (resp. Ext* (C,C) — > Ext*+(C,C)) given by 

the restriction functor coincides with the morphism of the algebras of functions provided by the 
inclusion of the affine manifolds n~ ^-> A/" (resp. n"*" ^-> A/"). 

We set A+ := Ci/+ C Ext*_(C,C) and A- := Cij- C Ext*+(C,C). Note that the restriction 
wew "^ wew ^^ 

functor Res i (resp. Res i) provides the inclusion of algebras 
< "<? 

Ext*+(C,C) = S'{n+*) — > Ext*+(C,C) (resp. Ext*-(C,C) = S'in'*) — > Ext*„(C,C)). 

2.3.6. Lemma: 

(i) The subspace A_ (resp. ^4+) is a subalgebra in Ext*+(C, C) (resp. in Ext*+(C, C)). 
(ii) The multiplication maps provide the vector space isomorphisms 

Ext* (C,C)©A+=;Ext*_(C,C) and Ext*+(C, C)©A_=iExt*+(C, C). D 

Note that the algebra u^ acts trivially on the first factors in these decompositions. 

2.3.7. Proposition: The algebras A^ and yl_|- are Frobenius. 

Proof. We consider only the case of A^ . Recall that when calculating cohomology of the algebra u^ 

Ginzburg and Kumar used certain degenerations of the algebra defined by Kac, De Concini and Procesi 

in [DCKP| with the help of quantum PBW filtration on uj . The algebra gr^-^^(u^) appears to be a 

certain quotient algebra of the quantum symmetric algebra with the set of generators equal enumarated 

by the standard basis in the space n~. In particular it was proved in [GK| that Ext* p^w/ -\(C, C) = 

s^ y^t ) 

A*(n~*)®5'*(n~*) as an associative algebra. Here A*(n~*) denotes the quantum exterior algebra on 

generators enumerated by elements of the standard basis in n~*. In particular this algebra is Frobenius 

with the trace map given by the projection on the top homological grading component (that is one 

dimensional) . 
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Consider now the spectral sequence with the term E2 equal to Ext* p^^i-v --,(C, C) that converges 

to Ext*_(C,C). Note that for £ big enough the subalgebra A;(n-*) C Exf p^^y, -.(C,C) is a DG- 

subalgebra. Moreover its images on the next terms of the spectral sequence are DG-subalgerbas too. 
Now note that the subalgebra gr A^ in the term E^o of the spectral sequence comes from the described 
DG-subalgebra in the term i?2- In particular the one dimensional top homological grading component 
of A*(n~*) has its nonzero representative on the level Eoo- Thus it has its nonzero representatives on 
all the levels Em, m > 2. 

Consider the algebra gr^ A^ appearing in the i^oo term of the spectral sequence. Put the linear 
functional generating the trace map on gr^ A^ equal to the projection on the one dimensional top 
homological grading component. We claim that the corresponding trace pairing on the algebra is 
nondegenerate. Indeed, it is so on the algebra A*(n~*) appearing in the E2 term of the spectral 
sequence. On the other hand note that the X-grading components of the space A'(n~*) with the 
weights p — w{p), w £ W, are one dimensional. Moreover the subspace ®ujew i^'i^~*))p-w(p) ^^ 
self-dual with respect to the trace pairing on A*(n~*). Thus the term £'00 of the spectral sequence 
becomes an orthogonal direct summ and in the term E2. We have proved that the algebra gr^ A^ is 



Probenius. Finally by Lemma 2.4.4 from | Arl | tha algebra A^ is Frobenius itself. D 



2.4. Cohomology of the algebra u^. Note that the algebra U£ contains the algebra u^ (E>uj' as a 
subalgebra, moreover, this subalgebra is normal in ui with the quotient algebra equal to u^. On the 
other hand, by standard arguments, we have 



Ext; + (C, C) = Ext* (C, C)0 Ext'4 



as an associative algebra. Now recall that the algebra u^ is semisimple being a group algebra of a finite 
group. We have proved the following statement. 



2.4.1. Lemma: Ext?^(C,C) = ( Ext;;_(C,C)0Ext;,+ (C,C) ) as a£-XxZ-graded vector space. Here 



(•)"« denotes taking u^-invariants. Moreover, the restriction functor Res"i + provides an isomorfism 



of associative algebras Ext? (C,C) ^ (Exf_ +(C,C)) '. D 



ut 



The following proposition is proved similarly to Theorem 3.1 from Ar5 ] 



2.4.2. Lemma: ch nExt;;_(C, C)® Ext;;+(C, C)j ,tj = ^ ^Ct'^.^f^){i-ei'^f^) - ^^^^e ^he indeter- 

minate t stands for the homogeneous Z-grading, for a weight a = ^ aii' the symbol e" denotes the 

monomial HiC^* )"*• I— ' 

Let us denote the filtration on the space Ext* (C, C) that corresponds to the filtration F on the 
algebra U£ by the same letter. 

2.4.3. Corollary: gr^ExtI^^(C, C) = Ext^ (C,C) as a graded associative algebra. D 
Summing up the previous considerations we obtain the following statement. 

2.4.4. Proposition: Ext^ (C,C) = S*{n~*)®gT^HQ®S'{n'^*) as an associative algebra. Here the 
imbedding ^(n"*) ^ Ext?^(C,C) resp. the imbedding 5(n+*) ^ Ext?^(C,C)) is provided by the 
projection of algebras u^ — > bj: uf — > (resp. u^ — > b^: uj — > 0). D 

Comparing grading components in the previous equality with gradings far smaller than i we obtain 
the following statement. 

2.4.5. Corollary: The associative algebra gr^f^o = (^-'X'^+)"^. □ 
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3. Ext^ (C,C) AS A Ext'^(C,C)-MODULE. 

First we recall briefly the general setup for semiinfinite cohomology of the small quantum group. 
The definition of semiinfinite cohomology presented below is a specialization of the general one in the 
case of a finite dimensional graded algebra u = b~(8)u"^ such that b~ is nonpositively graded, and u^ 
is a positively graded Frobenius algebra with Uq = C 

3.1. Definition of semiinfinite cohomology. Consider first the semiregular u-bimodule S^ = 

U(8>u+u^*, with the right u-module structure provided by the isomorphism of left u'''-modules u"*" = u'*'*. 
Note that S^ is free over the algebra u both as a right and as a left module. 

For a complex of graded u- modules M* = Mp , d : Mp — > Mp we define the support of M' 

by suppM* := {{p,q) € Z-^|Mp ^ 0}. We say that a complex M' is concave (resp. convex) if there 
exist si,S2 G N,ti,t2 G ^ such that suppM* subset{{p,q) E Z^jsig + p < ti,S2q —p < t2} (resp. 
suppM* C {{p,q) GZ2|sig + p> ti,S2q-p>t2}). 

Let M*,N* € Com(u-mod). Suppose that M' is convex and A^* is concave. Choose a convex (resp. 
concave) complex RZ(M*) (resp. R^{N*)) in Com (u -mod) quasiisomorphic to M' (resp. N*) and 
consisting of u+-free (resp. u^-free) modules. 

3.1.1. Definition: We set 

ExtJ+'(M',A^') := H'{Roml{R^{M-),sf®^Rl{N'))). 

3.1.2. Lemma: (see. [Arl] Lemma 3.4.2, Theorem 5) The spaces Ext^ [M*,N') do not depend 
on the choice of resolutions and define functors 

Extu (•,•)• u-modxu-mod — > Vect, keZ. D 

Below we consider semiinfinite cohomology of algebras u^, U£, b^, bj etc. with coefficients in X- 
graded modules. The Z-grading on such a module is obtained from the X-grading using the function 
ht : X — >Z. 

Evidently the spaces Extu^ {M',N*) (resp. Ext~^ {M*,N*)) posess natural i ■ X-gradings. The 
following statement is a direct consequence of Lemma |2.2.lK ii) . 

3.1.3. Lemma: Let M,N G u^-mod be restrictions of some U^-modules. Then the spaces 

Extu^ (M, A'') have natural structures of g-modules, and the i ■ X-gradings on them coincide with 
the X-gradings provided by the weight decompositions of the modules with respect to the standard 
Cartan subalgebra in 5. D 

In particular we consider the character of this g-module. 

3.2. Semiinfinite cohomology of the trivial U£-module. The following statement sums up the 
main results from [|Ar5| ]. 

Theorem: 



Ext|^-(C,C)=(Ext|;;,(C,C))" 



(ii) ch Ext,I+-(C,C),t =H(^")e-^^^ ^ -_%- 



Y^ ^2i(m) 



ct£R+ 

The right hand side of the equality is considered as an element in C[t, i~^][[e~* ,i € I]]. 
(iii) Let M be a filtered module over the filtered algebra U£ with the filtration F. Then there exists a 

spectral sequence with the term Ei = Ext~^ (C, gr M), converging to Eoo = gr Extu^ (C, M). 

(iv) For the trivial U£-module the described spectral sequence degenerates in the term Ei. In particular 

— +• — +• 

as a ^ • X X Z-graded vector space Ext~^ (C, C) = Extu^ (C, C). D 

Let us compare semiinfinite cohomology of the trivial b^-module with the usual cohomology of b^ 
with coefficients in this module. 
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3.2.1. Lemma: Ext V (C,C) = ExtJ (C,C((-£ + 1)2/))). 

Proof. The triangular decomposition of the algebra b^ is as follows: b^ = u^(8'u^- Then by definition 
of semiinfinite cohomology, using the fact that u^ seniisimple, we see that 

Ext|+'(C,C) = H' (Boml+iR^C),Sli(^^,C)] , 

where -RT(C) denotes a concave u^ -free resolution of the trivial b^^-module. Next note that the b'[- 
module 5^{®j,+ C = bj*®^+C = £{-{£ - l)2p). Thus we have 



Ext^r (C,C) = H' (^Hom;+(i?^(C),C(-(£ - l)2p))^ 
i7*(Hom;+(i?^(C),CC(-(£- l)2p))))"' =Ext;+(C,C(-(^- l)2p)). D 
Next we investigate the structure of the Ext* (C, C)-module Ext~^ (C, C). 
3.2.2. Proposition: Up to the homological grading shift by tt(^^) we have 

Ext|+'(C,C) = Coind^;;;^^^|2) (Ext;+(C,C(-(£ - l)2p))) 

as a Ext~^ (C, C)-module. 

Proof. By Theorem ^^, Lemma |3.2.1| and Corollary p.4.3| we have 

Ext|+'^+(C,C)j ' = (^Tor:^'(C,C)0C((l-^)2p)^Ext'+(C,C)j ' 

= {S'{n-)®AX^S'{n+*)^A^®C{{l - i)2p))"° 

= S'in-)®S'{n+*)^ (^;«)C((1 - i)2p)(^A^y° . 

Now recall that the algebra A-^^ is Frobenius. Making the isomorphism A^ = A'^ compatible with the 
u^-action, we see that A^ = A*^(EiC{—2p). Thus we obtain 

Ext~^+ (C,C) = ^•(n-)®5'(n+*)(g)(A+(g)C(-2/))(g)C((l -^)2/))0A_)"^ 
= S'{n-)^gT^ Ho^S'{n+*)^C{-2£p). 

Note that the algebra gr Hq is Frobenius itself, thus the latter Ext~^ (C, C)-module can be considered 
both as 

Ext! (C,C) / \ Ext? (C,C) / h- \ 

Coindg,;^^--) (Ext;+(C,C(-2^p))) and as Ind^J'J^-Q (^Tor:^ (C,C(-2£p))j . 

Finally precise calculation of homological gradings shows that the grading on the firs t module should 
be shifted by —^{R"^), and the grading on the second one should be shifted by tt(-R^)- Thus we have 

Ext|+'(C,C) = Comdlj^^f^% (Ext;+(C,C(-(£- l)2p)) 



Ext? (C,C) / [,- 
Ind^J'Jc'Q ( Tor.* (C, £{-{£ - l)2p)) ] . D 



"e 



3.2.3. Corollary: Ext~^ (C, C) is both free over the algebra Ext'+(C, C) and co-free over the 
algebra Ext* (C,C). D 



3.3. Functions on N with singularities along coordinate hyperplanes. Consider the divisors 
on the nilpotent cone of the form Da := {n E AA|/*(n) = 0}, where /* denote the standard basic 
linear functions on n~, a S R^ . Note that we have M ^ n'^ = H D^- 

aeR+ 

Consider the open subset in the nilpotent cone of the form J\f(f* f* \ := Af\ 11 Da and the 

H'^{M,OM)-inodule H%M^f, f* ),Ocn). 

It is well known how to obtain this H^{M, C'_v')-niodule from the free module H^{J\f, O//) via an 
inductive limit construction. 

For a € R^ consider the H^{M,Oj^)-module map /i^ : H^{M,Oj\f) — > H^{M,Ojsf) given by 
multiplicaton by the element /* € n~*. 

Next we construct an inductive system of i7'^(A/', 0_^)-modules I, enumerated by the partially 
ordered set Z^ with 2^ = H^{J\f, Oj^f) for any v € Z;^ and with morphisms 



1{...,Va,...) ^'^(...,Vc,+l,...) 



equal to ^c 



3.3.1. Lemma: The i?°(A/', OAr)-module H^{M(^f^ ,... j. ),0^f) is equal to limX.. D 

Note that the iJ°(7V, 0_A/)-module if + {M,Oj^) can be realised naturally as a bottom subquo- 
tient module in H^{Afif* ,...,/• \,Oj\f) under the filtration on the latter module by singulari- 
ties of functions. More precisely, recall that H^{J\f ,Oj^) = S*{xC*)<^HQ<^S*{n'^*)as a module over 
S"(n+*)(g)5'*(n~*). Fix the set of standard generators in the algebra ^(n"*): ^(n"*) = C[/*, a G i?+]. 
Then by the previous Lemma H^{Af(f* ,... j* ), Cat) is equal to C[/*^\ a G i?+]{g)Fo(X'5"(n+*). On 

the other hand note that Hl+^{Af, Om) is isomorphic to (g) C[/*±VC[/*](g>Fo(g)S"(n+*). 

a&R+ 

Our main goal here is to construct an isomorphism of H^{J\f, 0_^^)-modules 



ii!f (A/',OA/-)^Ext 



u^ (C,C) 



We start with constructing a system of H^{Af, 0;v')-™odule morphisms if, : I, — > Extu^ (C, C) that 
would provide a morphism from the direct limit of the inductive system to the semiinfinite cohomology 
module. 

3.4. Construction of the morphisms ip,. Note that since each module ly, f G Z;^ , is free over 
the algebra H^{J\f, Oj\f) with one generating element, to construct the system of morphisms from the 

described inductive system to Ext^^ (C, C) one has to specify the images of 1 G H^{N ,Oj^) under 
the morphisms Lp^, v G Z;^ . Then ipv{a) = a ■ 9?,;(1), where a G H^(J\f, Oj\f) = Ext*^(C, C) (the latter 

2£_|_, 

algebra acts naturally on Extu^ (C, C)). Suppose that 

— +• s^+» 

'/'{... ,Da,...) '■ 1 ^ ^i...,v^,...) e Ext^^ (C,C); (/:'(... ,„„+i,...) : 1 ^ rn(._^^+i^,..) G Ext^^ (C,C). 

Then evidently the only condition on the sequence of elements {m^} jr+ is that 

fa-^{...,v^+l,...) =m^...,v^,...)- 

Consider the element 

O oo I 

u+^u~ G (^+(»^_)" ®C(-2^p) = gv^ Ho^C{-2ep) C Ext~^^ (C,C). 



Here we preserve notanion from |2.3.5| for the base elements in the algebras A^ and A_, and e € W 
denotes the unity element. 

Note that the corresponding i ■ X x Z-grading component in the space Ext~^ (C, C) is one dimen- 
sional. Since the filtration F on the space Extu^ (C, C) is well defined with respect to the £ • X x Z- 

oo Hf R+ A 

grading, we can consider the described vector as an element of Extu^ (C, C) . 



We are starting to construct the system of morphisms (fv^ v ^ 1^^ . Put 

(^(o,...,o) : Ext:^ (C,C) [«(«+)] ^Ext^r (C,C), ^io,...,o){l) = iy-(^iyt- 

3.4.1. Theorem: Ext^^ (C, C) is co-free over the algebra ^'(n *) = Ext* (C, C) with the space of 
co-generators equal to Ho0C{—2£p)®S'{n'^*). 

oo I 

Proof. First recall that by |2.3.5| the Ext*+ (C, C)-module Ext~^ (C, C) is free with the space of 

generators equal to 

S'{n-)(SHo0C{-2ip). 

2£.4^m oo I 

On the other hand Ext~^ (C , C) = gr Extu^ (C , C) , and this equality is an isomorphism of modules 
over Ext*+(C, C) = gr Ext*4. (C, C) . Fix the set of linear independent elements {bp\p G Z^ x W} in 

the generators space of Ext~^ (C, C) and choose the set of representatives of the elements {bp\p £ 

_l_ — 4-» oo I 

Z^ xW} C Ext4 (C,C). It is easy to verify that the Ext'+ (C, C)-submodule in Ext^ (C,C) 

generated by this set is free. Moreover its character coincides with the one of Extu^ (C, C), thus 
the module of semiinfinite cohomology is Ext*+ (C, C)-free itself. Now to complete the proof of the 

Theorem recall the following statement from | Arl |. 

Denote by iii the finite quantum group defined in the same way as u^, but with C replaced by ^~^ 
in the defining relations. 

3.4.2. Lemma: (see [Arl|, Proposition 5.4.3) There exists a nondegenerate contragradient pairing 

( , ) : Ext|+*(C,C) X ExtJ+'(C,C) -^ C 

well defined with respect to the actions of the algebra H^{M,Oj\j-) = Ext*^(C,C) = Ext*^(C,C) and 

of the Lie algebra g. D 

Using this pairing we obtain the set of co-generators {cp\p € Zi: } for the co-free Ext* (C, C)- 

— +• 
module Extu^ (C, C) enumerated by the base vectors of the space HQ®C{—2ip)®S'{n'^*). The The- 
orem is proved. D 
Note that we can choose the cogenerators Cp constructed above to be X x Z-homogeneous. In 
particular there is a unique choice of the homogeneous base vector in the space 

(Ext|-«^''^)(C,C))_^^^ 

oo i|/ D+\ 

with the top filtration factor equal to v'^^v'^ G Ext~^ (C, C). Now consid er the direct sum 

decomposition of the Ext* (C, C)-module 



ExtJ "^^ ^+'(C,C)= S'{xx-)®cp 

and the direct summand S*{n'')(E>{iyt(!S>i^e) where ut^i^e denotes the element representing i'^(>^i'~ . 
Fixing standard generators fa, a & R^ in the space n~ we obtain a linear base in S' {n~)®{i''^ ®v~) 

of the form m^ := fl\ /ajj^tj (^{^t®Ve). 

3.4.3. Corollary: We have /*-m(.^„^+i..) =m(...^^^^„.). D 

Thus we obtain a sequence of morphisms of Ext*^ (C, C)-modules 

c^^ : X„ = Ext;^(C,C)H/?+ +2|t;|] -^ Ext„V (C,C), ^^{l) = m^, ?; G Z^ . 
Here \v\ = vi + . . . + ^^jj(_r+)- We have constructed a morphism 

oo I 



3.5. Construction of the isomorphism H \' {M,Ojs[) — ^Exty^ (C, C). Our nearest goal is 
to show that the morphism hm({/?,) provides a map of ii^*'(AA, C'_^)-modules H^+ {Af,Oj<j-) — > 

Ext|+'(C,C). 

3.5.1. Lemma: For any w G H'^{M(^f* ,...j* ),C>j\f) there exists f° = {v^-^, ■ ■ ■ ,Va + ) such that 

for any v = v^ + v^, v^ € Z^ , the element lim((/3,)(/™i • . . . • fajl^l.^w) = 0. 

Proof. The statement follows immediately from the restrictions on ^ • X x Z-gradings of the space 

Ext|"^'(C,C). D 

Recall that H„+{M, Ox) is the largest quotient module of H^{J\fif* t* \, Oj^) supported on 

n+cA/". 

3.5.2. Corollary: The map lim(v9,) defines a morphism $ : H^^_^^\^f,0^f) — ^ ExtJ'^'(C,C). D 

In fact it follows from the previous considerations that for any finite dimensional graded u^-module 

M the quasicoherent sheaf on J\f corresponding to the H^{M, Oj\f)-uiodule Extu^ (C, M) is supported 
on n+ C Af. 

Note that the maps //q,, (p^ and lim((/7,) are well defined with respect to the filtration F. The 

maps gr^ /Xq, : Ext* (C, C) — > Ext- (C, C) [2] are provided by multiplication by the elements /* G 
Ext*_(C,C) C Ext~^(C,C). Moreover we have 

gr^ (imil.) = Imi (gr^I.) = (g) C[/:±i]0gr^ /fo®S'(n+*). 

aeR+ 

Note also that the morphisms gv^ cp^ : Ext?^(C, C)[tJ(i?+) + 2\v\] — > Ext-^ (C,C) are defined by 
gr^ ipy{l) = fUy = fa\ ■ ■ ■ fall'^+li^e^^e)- It follows that the map gr^lim(99,) coincides with the 
natural one 

(2)C[/:±>gr^//o®5'(n+*)^ (g) (C[/:±VC[/:])®gr^^o®5'(n+*). 

aeR+ aeR+ 

In particular the map gr^lim(99,) is surjective. 

3.5.3. Lemma: The map lim(99,) is surjective itself. 

Proof. Note that the morphisms lim.{ip,) and gr^lim(c^,) preserve i ■ X x Z-grading components. 

The £■ X X Z-grading components of the spaces linLT,, Ext^^ (C, C), lim (gr X,) and Ext~^ (C, C) 

are finite dimensional. 

Thus we can check injectivity of the map dual to lim(c^,) instead of surjectivity of lim(99,). But the 

injectivity of a filtered map follows from the injectivity of the associated graded map. D 

Thus we obtain a surjective map ^ : H^+ (AA, Oj\f) — > Extu^ (C, C). Next recall the following 
statement from | Arl[| . 



3.5.4. Proposition: (see []Arl[ , Theorem A. 2. 2) 

ch (H^}f\M, Oat),*') = ch (Ext|+'(C,C),t 



Here the indeterminate t in the left hand side of the equality stands for the grading by the natural 
action of C* , in the right hand side of the equality it stands for the homological grading. D 

We have proved the Feigin conjectire on the level of H^{Af, 0_^^)-modules. 

3.5.5. Theorem: The morphism ^ constructed above provides an isomorphism of the H^{J\f,Oj\f)- 
modules 

$: iJ«^^)(Ar,0^)^Ext|+'(C,C). D 
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4. Isomorphism of q-modules 

Recall that both sides of the H^{Af,Oj^)-niodule isomorphism $ carry natural structures of g- 
modules. 

The one on Ext^^ (C, C) is a consequence of the fact that the algebra U£ is a normal subalgebra 
in JJi with the quotient algebra U^//u£ equal to U{q). 

The g-module structure on H^+ {M,Oj\f) comes from the natural Lie algebra inclusion g ^^• 
Vect{M) and the standard fact due to Kempf (see [Q) that the Lie algebra of algebraic vector fields 
acts on local cohomology spaces. Below we prove that the two described g-module structures are 
isomorphic. 

4.1. Isomorphism of the n^-modules. Consider the standard positive nilpotent Lie subalgebra 
n"*" C g. We prove first that H^^ (AA, 0_\f) and Extu^ (C, C) are isomorphic as n"^-modules. 

Note first that the n+- and H'^{J\f, OAr)-actions on both H^J;_^'^\M, O^) and Ext J"^'(C, C) satisfy 
the equation 

n ■ [a ■ c) = a ■ {n ■ c) + [n, a] ■ c, 

where n G n+, a, [n, a] G H^{N, Oj^), c G Hf^^^\M, O^) (resp. c G Ext J^'(C, C)) and [*, *] denotes 
the natural g-action on H^{Af, Oj\f). 

Consider the S'*(n^*)-module direct sum decomposition 

Ext|""^''^^+'(C,C) = S'{n')^cp 



p&^'^xW 



with Co = u^^Ve G Exty^ ( 



4.1.1. Lemma: S"(n~)(g)Co C Ext^ "^ (C,C) is a n+-submodule. 

Proof. We prove the statement of the Lemma by induction by homological grading. First 

(<S'*(n~)®co) = Ccq, and the statement follows from the X-grading restrictions on the n"'"-action. 

Suppose the statement is proved for S''{n~)0co, k < k^. We prove that S^°{n~)®CQ is a n"*"- 

submodule in Extu^ (C, C) . 

oo fff R+ A '2k \ 

Let h G 5^°(n~) and n G n+. Consider the element n ■ b £ Extu^ (C, C) and its decompo- 

sition n-b = {n- by^^ + (n ■ 6)°°, where (n • 6)^^" G S"(n-)®co and (n • 6)"^° G 5*(n-)(g)Cp. 

Then for any a G R^ the element f*-{n-b)=n- (/* • b) + [n, /*] • b belongs to S"(n~)(g)Co, s ince by 
induction hypothesis both summands lie there. Thus for any a G R'^ we have /« • (^ • by° = 0, i. e. 

the element belongs to the S'(n *)-invariants subspace of Ext^J (C, C). But by Theorem |3.4.1| the 
invariants space is equal to Hq<^S' {n~^*)(^C{—2ip) . The latter subspace is suituated in homological 
gradings greater than or equal to —\^{R'^). On the other hand the n"'"-submodule in question is situated 
in homological gradings less than or equal to — j}(i?"'"). It follows that (n • by° = 0. D 

4.1.2. Corollary: The action of n"'' on S'*(n~)(8'Co coincides with the one on S* {g/b~^). 

Proof. Identify S'*(n~)(8co with Homc('S'*(n~*),C). For such a linear function b note that 5(a) = 
(a • b){l). Note also that S*{n-*) = S* ((0/b+)*) is a n+-submodule in iI°(AA, O^). Thus for n G n+, 
b G Homc(5'(n~*),C) we have 

(n • b){a) = a-{n- 6)(1) = n • (a • 6)(1) - ([n, a] ■ b){l) = -b{[n, a]). D 



Recall that the H^{J\f,0_\f) -module Extu^ (C, C) is generated by the subspace S*{n )®co and is 
in fact isomorphic to Inde.^ -U'^ S*{n^)i^CQ. Summing up the previous considerations we note that 
we have proved the following statement. 

4.1.3. Theorem: Up to an isomorphism there exists only one n^-module structure on the space 

Ext|"*-(C,C) = F;f^)(A/',0^) 

well defined with respect to the H^{J\f, 0_v)-structure. D 
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4.2. Tilting modules. It remains to extend the described n"'"-niodule isomorphism to a g-module 
isomorphism. 

Recall that a finitely generated n^-locally finite g-module M diagonazible over t) is called a tilting 
module if it is filtered both by Verma modules and by contragradient Verma modules. H. H. Andersen 
has proved the following statement. 

4.2.1. Theorem: (see [Q) A tilting g-module is uniquely determined up to an isomorphism by its 
character with respect to the root space decomposition for the Cartan action. D 

Our goal here is to prove that both H \ {M, Oj^) and Extu^ (C, C) are tilting g-modules. 



n" 



4.3. A nondegenerate pairing on H\' ' {J\f,Ojsf). The following construction was proposed by 

V. Ostrik. Instead of constructing a contragradient pairing on H \ {J\f,Oj\f) we obtain a bilinear 
pairing 

well defined with respect to the g-module structures. Consider the canonical map for the local coho- 
mology spaces provided by the cup product 



4.3.1. Lemma: 

(i) H'f^^l}{M, Om) = hI^^^'^\M, Oat) = C. Here denotes the vertex of the nilpotent cone. 
(ii) The map ( , ) provides a nondegenerate pairing. D 

4.3.2. Springer- Grothendieck resolution of the nilpotent cone. To prove that -ff+ {M,Oj^) isn~-iicee 



recall that in |Arl] we obtained another geometric realization of this g-module as follows. 

Consider the simply connected Lie group G with the Lie algebra equal to q. Choose a maximal 
torus H C G providing the root decomposition of g and in particular its triangular decomposition 
g = n~ © f) © n+. Consider the Borel subgroup B C G with the Lie algebra b+ = f) © n"*" and the 
flag variety G/B. The group G acts on G/B by left translations and the restric tion of this action to 
B is known to have finitely many orbits. These orbits are isomorphic to affine spaces and called the 
Schubert cells. The Bruhat decomposition of G shows that the Schubert cells are enumerated by the 
Weyl group. Denote the orbit corresponding to the element w ^W hy Syj. 

It is well known that the cotangent bundle T*{G/B) has a nice realization T*{G/B) = {{Bx,n)\n e 
Lie(-B3;)}, where B^ denotes some Borel subgroup in G and n is a nilpotent element in the Lie algebra 
Lie(-Ba;)- The map 

/x: T*{G/B)^M, {B,,n)^n, 
is known to be a resolution of singularities of AA called the Springer- Grothendieck resolution. 



Recall the following statement from [Arl|. 



4.3.3. Proposition: (see e. g. lCG[, 3.1.36) 

(i) /i^H"^) = U ^JG/B), where T^^{G/B) denotes the conormal bundle to S^ in G/B. 

wew 

(h) Hff'^Af, OM)^HlX^i+^{T*[G/B), Ot^^g/b)) as a g-module. D 

4.3.4. Corollary: The g-module H^+ (AA, Oj^) is free over the algebra U{n^). D 
In particular it is filtered by Verma modules. Using the fact that the g-module is self-dual with 

respect to the described contragradient pairing we construct a filtration by contragradient Verma 
modules on H^j^ (A/", Oj\f). We have proved the following statement. 

4.3.5. Proposition: The g-module H^+ (AA, Oj\f) is a tilting module. 
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4.4. On the other hand recah that in Lemma 3.4.2 we obtained a nondegenerate g-equivariant con- 
tragradient pairing 

ExtJ^'(C,C) X ExtJ^*(C,C) — > C. 



It follows from Proposition 4.3.5| and Theorem 4.1.3| that the g-module Exty^ (C, C) is cofree over the 



algebra [/(n"*"). Thus it is filtered by contragradient Verma modules. Again using the contragradient 
pairing on the g-module we produce on it a filtration with subquotients equal to direct sums of Verma 
modules. 

We have proved the following statement. 

4.4.1. Proposition: The g-module Extu^ (C, C) is a tilting module. D 
Finally we come to the main statement of the present paper. 

4.4.2. Theorem: The g-modules Ext;j^'(C,C) and Hl'f^\ M,Oj^ ) are isomorphic. 



Proof. The statement of the Theorem follows from Theorem [4.2. 1| and Propositions 4.3.5 and 4.4.1 



D 
The Feigin conjecture is proved. 

5. Semiinfinite cohomology of contragradient Weyl modules. 

5.1. Fix a dominant integral weight X £ X. Consider the module over the "big" quantum group U^ 
given by 

BW{X) := ( Coind^l C(A) J (resp. by W{X) := (ind^i C(A) J ). 

Here B^ = U^®U^ (resp. B^ = U^^U^ ) denotes the quantum positive (resp. negative) Borel 
subalgebra in U^ and (*) (resp. (*)fin) denotes the maximal finite dimensional submodule (resp. 
quotient module) in (*). The module OW{X) (resp. W{X)) is called the contragradient Weyl module 
(resp. the Weyl module) over \Ji with the highedst weight A. 

It is known that both modules VF(A) and DH^(A) provide the natural specializations of the finite 
dimensional simple modules L{X) over the quantum group U at generic values of the quantizing 
parameter into the root of unity (. In particular we have 



ch(I^(A)) = ch(DH^(A)) = Y, - 



wGW 



Wfl+U-e^ 



just like in the Weyl character formula in the semisimple Lie algebra case. Note also that iy(0) = 
BW{0) = C. 

Below we consider semiinfinite cohomology of the algebra ui with coefficients in the contragradient 
Weyl module with a ^-divisible highest weight iX. Ou considerations were motivated by the following 
result of Ginzburg and Kumar (see [|GK| ). 

Let p denote the projection T*{G/B) — > G/B. Consider the linear bundle C{X) on G/B with the 
first Chern class equal to A E X = H^{G/B,Z). 

5.1.1. Theorem: 

(i) Ext°f(C,DH^(£A)) = 0; 
(ii) Ext2;(C, BW{eX)) = H^{M, n^p*£{X)) as a H^{M, C'^)-module. D 

The following conjecture provides a natural semiinfinite analogue for Theorem ^.1.1| . 

5.1.2. Conjecture: ExtJ^ "^ (C, BW{eX)) = H'^+ (A/", n^p*C{X)) as a H'^iM, C'^)-module. The homo- 
logical grading on the left hand side of the equality corresponds to the grading by the natural action 
of the group C* on the right hand side. D 
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ch Ext^ {C,OW{£X)),t 



5.1.3. Corollary: 



X{aeR+ (1 ~ ^~^") yJ(^^r \[a(^R+ ,w(a)eR+ (^ ~ i^C"-^") WaeR+ ,w(a)(LR- (^ ~ t'^e"-^") 

Below we present the main steps for the proof of the conjecture. Details of the proof will be given in 



the fourthcoming paper | Ar7 |. 



5.2. Local cohomology with coefficients in fi^p*C{X). For a H^ {Af , Oj^)-niodule M. con- 
sider the natural pairing W^+{N',0^) x H^{M,M) — > H^+{M,M). Evidently it is equivari- 
ant with respect to the //"^(AA, C'_/v)-action. Thus we obtai n a i/'^(A/', 0^)-niodule morphism s : 

5.2.1. Proposition: For M = ji-t^p* C{\) the map s is an isomorphism. D 

5.2.2. Similar construction for semiinfinite cohomology. We will need some more homological algebra. 
Fix a graded algebra A with a subalgebra B C A. Recall that in Q and | Arl| the notion of a complex 



of graded ^d-modules K-semijective with respect to the subalgebra B was developed. The following 
statement gives an analogue of the standard technique of projective resolutions in the semiinfinite 
case. 



5.2.3. Theorem: (see [Arl], Appendix B) Let SS'+{*) (resp. SS'_{*)) denote a K-semijective con 



cave (resp. convex) resolution of the u^-module (*) with respect to the subalgebra u^ (resp. u^ ). Then 
for a finite dimensional graded U£-module M we have 

(i) /7-(Hom:/S5-_(C),55-_(M)) = Ext;(C,M); 
(ii) H'iRoml^iSS'JQ^SS'JC)) = Ext|+'(C,M). D 

5.2.4. Corollary: The composition of morphisms provides a natural pairing 

Ext„2 (C, C) X Exti^ ( underC, M) — > Ext„2 + +^ (C , M) . D 
In particular we obtain a Ext* (C, C)-module map 

Extu^ (C, C)®Ext:^(C,underC7) Ext;^(C, M) -^ Extu^ ^ (C, M). 

Combining this construction with the previous considerations we obtain the following statement. 

5.2.5. Proposition: There exists a natural i:f'^(7V, C'_^)-module morphism 

a : Hlf\M,ii,p*C{\)) -^ Ext|+*(C,DH^(A)). 

Proof. Follows from Proposition ^.2.1| . D 

Below we show that the morphism a is an isomorphism. The main tool for the demonstration of 
this fact is the quasi-BGG complex providing a specialization of the classical BGG resolution for a 
finite dimensional simple U- module L{i\) into the root of unity C- This complex constructed below 
consists of direct sums of U^-modules called the quasi- Verma modules. Moreover its zero cohomology 
module equals W{iX). On the other hand we show that semiinfinite cohomology with coefficients in 
quasi- Verma modules has a nice geometrical interpretation. 
Now we turn to the construction of the quasi-BGG complex. 
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5.3. T^visted quantum parabolic subalgebras in Uq. Recall that Lusztig has constructed an 
action of the braid group B corresponding to the Cartan data (I, •) by automorphisms of the quantum 
group Uq well defined with respect to the X-gradings. Fix a reduced expression of the maximal length 
element wq gW via the simple reflection elements: 

Wo = Sii ...Sj^j^+j, ik G I- 

Then it is known that this reduced expression provides reduced expressions for all the elements w (zW: 
w = Sif . . . Si^ , ik ^ I- 

Consider the standard generators {Ti}i,zj in the braid group B. Lifting the reduced expressions 
for the elements w from W into B we obtain the set of elements in the braid group of the form 

T,„ := r,-™ . . . Tiw . 



-1 



In particular we obtain the set of twisted Borel subalgebras w(Bq) = T^(BJj) C Uq, where Bi : = 
U+®U^. Note that wo{%) = B^ = Uq8)U^. 

Fix a subset J C I and consider the quantum parabolic subalgebra Pj,q C Uq. By definition this 
subalgebra in Uq is generated over Uq by the elements Ei, i € I, Fj, j G J, and by their quantum 
divided powers. The previous construction provides the set of twisted quantum parabolic subalgebras 
w(Pj^q) := T^(Pj^q) of the type J with the t wists w G W. 

Note that the triangular decomposition of the algebra Uq provides the ones for the algebras w^Bq) 
and w{Pj^q): 

wiB+) = (u;(B+))-®U^®(u;(B+))+ and u;(Pj,q) = (u;(Pj,q))-0U^®(«;(Pj,q)+, 

where (t«(B+)) = w{B+) D U^, (w(Pj,q))+ = w;(Pj,q) n U^ etc. 

Specializing the quantizing parameter into the root of unity C we obtain in particular the subalgebras 
w(B^) C Ug, w(Pj^i) C U^, w{b^) C U£, w{pj^i) C Ug with the induced triangular decompositions. 

5.4. Semiinfinite induction and coinduction. From now on we will use freely the technique of 
associative algebra semiinfinite homology and cohomology for a graded associative algebra A with two 
subalgebras B,N C A equipped with a triangular decomposition A = B(i^N on the level of graded 



vector spaces. We will not recall the construction of these functors referring the reader to | Arl | and 



S 



Let us mention only that these functors are bifunctors D(A-mod) x D(j4"-mod) — > D(Vect) where 
the associative algebra A^ is defined as follows. 

Consider the semiregular A-module S^ := A'S>nN*. It is proved in [Ar2| that under very weak 



conditions on the algebra A the module S^ is isomorphic to the ^-module (S^) := ILom.B{A, B). 
Thus EndA{S^) D N°pp and EndA(5'^) D -B°pp as subalgebras. The algebra A^ is defined as the 
subalgebra in EndA(5'^) generated by i?°PP and A^°pp. It is proved in [Ar2| that the algebra A^ has a 



triangular decomposition A^ = A^°PP(8)i?°PP on the level of graded vector spaces. Yet for an arbitrary 
algebra A the algebras A^ and ^°pp do not coincide. 

However the following statement shows that in the case of quantum groups that corre spond to the 
root data {Y,X,...) of the finite type (/, •). the equality of A°pp and ^^ holds. 

5.4.1. Proposition: We have 

(;\ Tjtt - TT°PP U* - U°PP U" - U°PP- 

(ii) u;(B+)tt = u;(B+)°PP, w{B+)i = u;(B+)°pp, u;(Pj,q)» = u;(Pj,q)°pp, w{Pj,i)^ = w;(Pj,^)°pp. 

Proof. The first part is proved similarly to Lemma 9.4.1 from [ |Ar6| ] . The second one follows immedi- 
ately from the first one. D 

5.4.2. Definition: Let M* be a convex complex of u)(BQ)-modules. By definition set 

S-Ind""' +,(M') :=Torl^^;J\Suf,M') and S-Coind''^ +,(M') := Ext^+° (55,M'). 

The functors S-Ind f„+,(-)> S-Coind Li,(-)> S-Ind f„, ,(•), S-Coind f„, ,(•) etc. are defined in a 
similar way. 
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5.4.3. Lemma: (see [|Ar4| ) 

(ii) Ext ^Z+AS,,'^ , •) = for k / 0; 

(iii) S-Ind *?,,(•) and S-Coind "l+.f-) define exacHunctors t(;(Bi) -mod — >Uo-niod. D 

Similar statements liold for the algebras u;(B^), w(Pj^q) and 'w{Pj^£). 

5.5. Quasi- Verma modules. We define the quasi-Verma module over the algebra Uq (resp. U^) 
with the highest weight w ■ Xhy 

M^{w ■ A) := S-Ind^(«3+)(C(A)) (resp. M^w ■ A) := S-IndU^^^+j(C(A))). 
The contragradient quasi-Verma m,odule DMJj (u; • A) resp. WV[f{w -A)) is defined by 

DM^(A) := S-Coind;;^^«gj^(C(A)) (resp. mif{\) := S-Coind;;;^*g^+^(C(A))). 
We list the main properties of quasi-Verma modules. 

5.5.1. Proposition: (see [ Ar4[ ) 

(i) Fix a dominant integral weight \ € X. Suppose that ^ € C* is not a root of unity. Then the 
U^-module M^{w ■ A) := M^{w ■ A)«)q[^_^-i]C (resp. OM^{w ■ A) := DM^{w ■ A)®q[^_„-i]C) 
is isomorphic to the usual Verma module M^{w ■ A) (resp. to the usual contragradient Verma 
module OM^{w -A)). 

(ii) For any A € X we have 

ch(M^(^ . A)) = ch(DM^(u; • A)) = ch(Mf (u; • A)) = ch(DMr(«; • A)) = — . D 

llae-R+V^ ^ ' 

Thus for a dominant weight A one can consider Mq{w • A) as a flat family of modules over the quantum 
group for various values of the quantizing parameter with the fiber at a generic ^ E C* equal to the 
Verma module M^{w ■ A). 

Remark: Note that by definition M|(A) = Mi{X) and DM^{X) = I])Me{X), where e denotes the 
unity element of the Weyl group. In particular for a dominant weight A we have a natural projection 
M;(A) — > W{X) and a natural inclusion DT^(A) ^ BM^{X). 

5.6. The 5/2 case. Let us investigate throughly quasi-Verma modules in the case of U^ = U^(5Z2). 
First we find the simple subqoutient modules in the module M^{ki) = Mi(ki). 

Recall the classification of the simple objects in the category of X-graded U^-semisimple U^-modules 

locally finite with respect to the action of Ei and E^ , i ^ I, obtained by Lusztig in |L2|. In the 5I2 
case it looks as follows. Identify the weight lattice X with Z. 

Proposition: 

(i) For < k < i the simple u^(5/2)-niodule L{k) is a restriction of a simple U^(5Z2)-inodule. 
(ii) Any simple U£(5/2)-iiiodule from the category described above is isomorphic to a module of the 
form L{k)i^L{mi), where < k < i. Here the simple module L{mi) is obtained from the simple 
[/(s/2)-niodule L{m) via restriciton using the map JJi{sl2) — > \J{sl2)/ /^{sh) = Uish). □ 

Denote the only refiection in the Weyl group for 5I2 by s. 
Lemma: 

(i) chM;(0) = chL(0)+chL(-2) + chL(-2^). 

(ii) For /c> we have chM^{ki) = ch L{ki) + ch L{ki -2) + ch L{-ki -2)+ ch L{-{k + 2)i). 

(iii) ch M|(s • 0) = chL(-2) + chL{-2£). 

(iv) For /c> we have chM;(s • k£) = +ch L{-ki -2) + ch L{-{k + 2)1). D 

In fact it is easy to find the filtrations on quasi-Verma modules with simple subquotients that corre- 
spond to the character equalities above. 

Lemma: 
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(i) For k > there exist exact sequences 

— > L{M - 2) — > W{ki) — > L{ki) — > 0, 
— > L{-ke - 2) — > Ml{s ■ ki) — > L{-{k + 2)£) — > 0. 
(ii) There exists a filtration on M^(0) with subquotients as fohows: 

gr^MKO) = L(0), gv^M^iO) = L(-2), gr' M^{0) = L{-2£). 
(iii) For A; > there exists a filtration on M^{ki) with subquotients as follows: 

gr^ M^{k£) = L{k£), gr^ M^{k£) = L{k£ - 2), 
gr^ M^{k£) = L{-{k + 2)£), gr^ M^{k£) = L{-k£ - 2). D 
Thus we obtain the following statement. 

5.6.1. Proposition: For any k > there exists an exact sequence of U^ = U£(sZ2)-niodules 

— > Ml{s ■ k£) — > Mf{k£) — > W{k£) — > 0. D 
Remark: 

(i) In fact it is easy to verify that M^{s ■ k£) is isomorphic to the contragradient Verma module 

BMt{s ■ k£). 
(ii) Note that if ^ is not a root of unity then the usual BGG resolution in the 5/2 case provides an 

exact complex 

— > Mlis ■ k£) — > Ml{k£) — > L{k£) — > 0. 

Thus we see that the flat family of such complexes over C* \ {roots of unity} is extended over the 
whole C*. 

5.7. Construction of the quasi-BGG complex. Here we extend the previous considerations to 
the case of the quantum group U^ for arbitrary root data {Y,X^ . . . ) of the finite type (/, •). Fix a 
dominant weight A G X. 

First we construct an inclusion M^ [w' ■ £X) ^^ M^{w ■ £X) for a pair of elements w',w G W such 
that l{w') = l{w) + 1 and w' > w in the Bruhat order on the Weyl group. In fact we can do it explicitly 
only for w' and w differing by a simple reflection: w' = wsi, i (z I. 

Consider the twisted quantum parabolic subalgebra w(Pi/). Then w(Pi^£) D t(j(B^) and 'w{Pi/) D 
wsi(B^). Consider also the Levi quotient algebra w(Pi^e) — > wCLi^i). The algebra ^(Lj^^) is isomor- 
phic to U<.(s/2)«)uO(si2)U^- 

By Proposition |5.6.1 we have a natural inclusion of ii;(Lj^^)-modules S-Ind !^'^+ C(£A) ^->- 
S-Ind"'Ji'!c(A). 

Lemma: 

(i) S-Ind",^„+,(-) = S-Ind^;p ,oS-Ind'"5^Y'?(-)- 

(ii) S-Ind"^ ,,i-) = S-Ind";„ . o S-Ind""^^;^'! f-)- 
(iii) S-Ind"^^^+^ (C(A)) = S-Ind^/p . o Res"'[p'''l o S-Ind!;JJ;'^\ (£\) . 
(iv) S-Ind^^ ,„+, (C(^A)) = S-Ind%V ^ ° Res"'!p'-'^, o S-Ind"'^^,;'i , {£X). U 

Corollary: For w' = wsi > u; in the Bruhat order we have a natural inclusion of U^-modules 
.p,«;. M'p{wsi-£\)^Mf{w£X). D 

Note that in the previous considerations we never used the fact that U^ was a quantum group at 
the root of unity. Thus a similar construction provides inclusions 

^„ . M'l'^iws, ■ £\) ^ M^{w ■ £\) 
for any ^ G C*. Recall that if ^ is noot a root of unity then Mf[w-£\) is isomorphic to the usual Verma 

module M^{w ■ £\). Thus the morphism i^ '"' coincides with the standard inclusion of Verma modules 
constructed by J. Bernshtein, I.M. Gelfand and S.I. Gelfand in BGG ] that becomes a component 
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of the differential in the BGG resolution. In other words we see that the flat family of inclusions 
j^wsi,w . M^^^{wsi ■ iX) ^-> My'{w ■ £\) defined over C* \ {roots of unity} can be extended naturally 
over the whole C*. 

Iterating the inclusion maps we obtain a flat family of submodules if{Mf{w ■ iX)) C MHIX) for 
^ E C*, ti; E W , providing an extension of the standard lattice of Verma submodules in M^{IX) for 
.^ E C* \ {roots of unity}. 

5.7.1. Lemma: For a pair of elements w\w E W such that l{w') = l{w) + 1 and w' > w in the 
Bruhat order we have 

if{Mr'{w'-a))^ir{Mr{wex)). 

Proof. To prove the statement note that the condition {A^ is a sub module in B^} is a closed condition 
in a flat family. D 

Now using the standard combinatorics of the classical BGG resolution we obtain the following 
statement. 

5.7.2. Theorem: There exists a complex of U^-modules B*{£X) with 

Bi'iiX)= Mriw-iX) 

weW,l(w)=k 

and with differentials provided by direct sums of the inclusions i^ '^ . D 

5.7.3. Definition: We call the complex B*{IX) the quasi-BGG complex for the dominant weight 

iXeX. 

Recall that we have a natural morphism can : M^{iX) — > W{£X). 

Proposition: H^{BJ{£X)) = W{£X). 

Proof. The statement follows from the standard fact that W{£X) is the biggest finite dimensional 
quotient module in M^{£X). D 

5.7.4. Conjecture: The complex BJ{£X) is quasiisomorphic to the Weyl module W{£X). D 
Note that by the previous subsection the Conjecture holds in the \j£{5l2) case. 

Using the contragradient duality we obtain a complex DBJ {£X) consisting of direct sums of contra- 
gradient quasi-Verma modules with H^{IiBJ{£X)) = I1>W{£X). In particular we have a morphism in 
the category of complexes of U^-modules D(can) : ]D)W{£X) — > OB*{£X). 

5.8. Semiinfinite cohomology with coefficients in quasi-Verma modules. Recall the following 
construction that plays crucial role in considerations of Ginzburg and Kumar in [GK[ . 

Let (B^ -mod) ° (resp. (U^-mod) '^, resp. (C/(b+)-mod) ^, resp. {U{q) -mod) '^) be the category 
of finite dimensional X-graded modules over the corresponding algebra with the action of the Cartan 
subalgebra semisimple and well defined with respect to the X-gradings. Consider the functors: 

Coind^^ : B+-mod — ^U^-mod; (CoindglJ : (B+-mod)*^'' — > (Ui-mod)^ 

CoindJJj^^) : U{b+) -mod — >U{Q)-mod; (Coind'^\^f+^''■. {U{b+) -modf"" — > ([/(g) -mod)*^" , 

{■)^t : B+-mod — > U{b+) -mod and (Bl-mod)*^" — > {U{b+)-modf'' ; 
(•)"^ : U^-mod — > U{e)-mod and (U^-mod)^"" — > ([/(g)-mod)'^° , 

where (■) denotes taking the maximal finite dimensional submodule in (•) and (•)''« (resp. {■)^^) 
denotes taking b^- (resp. U£)-invariants. 

Proposition: (see ]GK|]) 



\fin 



(i) (•)"^oCoindU|=Coind^|«i) = (.)''^' 



(ii) i-r o (Coind^i) '^ = (Coind[;[^i))'' {.)'t . D 
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The semiinfinite analogue for the first part of the previous statement looks as follows. Fix w ^ W. 
Consider the functors: 

S-Coind^;„,, : D(u;(B+)-mod) — > D(U^-mod), 

tu(B^ ) 

S-Coind;;[f(^+)) : D{Uiwib+))-mod) -^ D([/(g)-mod), 

PC I 

Ext ' ,+JC,-) : D(u;(B+)-mod) — > D([/(w(b+))-mod), 
ExtuV (C,-) : D(u;(U^)-mod) -^ D(i7(g))-mod). 

5.8.1. Theorem: We have 

ExtJ+-(C, .) o S-Coind^^,^ = S-Coind[;[f(,+„ oExtj;;^(C, •)• 

Proof. To simplify the notations we work with semiinfinite homology and semiinfinite induction 
instead of semiinfinite cohomology and semiinfinite coinduction. By [ Arl |, Appendix B, every convex 
complex of u;(B^)-modules is quasiisomorphic to a K-semijective convex complex. Consider a K- 
semijective convex complex of u;(B^)-modules SS'. Note that both semiinfinite induction functors 
are exact and take K-semijective complexes to K-semijective complexes. Thus we have 

Tor|^.(C, .) o S-lnd]^l^^^{SS') = To^ ^,iC, Tor'^J^lks^l SS')) 

= TorJjf^(Tor|^.(C,5uf ),5S')) = Toi'"J^l\s^ll'^\ SS') 

= ToT'"^ll\c,s'il^%SS') = Tor''^lf^\c,Torfl\c,S^ll^^)0SS')) 



4^:r^^(^^S;^),Tor;(^V(C,5^-)) = S-Ind-[^),,,oTor}:^^^ 



Here we used the fact that the subalgebra w{b'^) C w^B^) is normal with the quotient algebra equal 
to U{w{b+)). D 

Corollary: 

Ext|+'(C,DM7(u; • iX)) = H^^^!^\l , {T* {G / B) , n* C{\)) 

Sw V / / 

as a module over both U{e) and H°{T*{G/B), Ot*(g/b)) = H^{M, 0^f). D 

Recall that for the Springer-Grothendieck resolution of the nilpotent cone fi : T*{G/ B) — > J\f we 
have /.-i(n+) = U ^JG/B). 



w£_W 
Proposition: 



rm+) 



(i) There exists a filtration on H _-i^,'^s{T*{G/B),7r*£{X)) with the subquotients equal to 



HlT(l,^JT*iG/B),7r*C{X)), for weW. 

Sin ^ / ' 



V-H"+) 
fo] 



(ii) Ext„r {C,OB;{i\)) = Hl'_",^l^^{T*{G/B),7r*C{X)). 
(iii) The morphism 

H^^+^^\M,i^,7r*C{X)) ^^ Ext|+'(C,DW^(A)) ^-^ Ext}+'(C,DS;(A)) 
^H^^.f^l^iT*{G/B),7r*CiX)) 
is an isomorphism. D 

5.8.2. Corollary: 

(i) The map a is injective and the map r is surjective. 
(ii) Conjecture p. 1.2 is true if conjecture 5.7.4 is so. D 

However we will manage to prove Conjecture |5.1.2 without using the exactness of the quasi-BGG 
complex. 
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5.9. Quantum twisting functor. Here we present a construction of a kernel functor similar to the 
trwisting functors in | Ar5 | and | Ar6 |. Consider the subalgebra U^ in U^ generated by the elements 
E,, Fi, fP, i G /. 
Lemma: 
(i) The subalgebra in U^ generated by the elements F^ , i G I, is isomorphic to U{n~). 

1/2 

(ii) The algebra \J/ is isomorphic to U£®U(n~) as a vector space. 

1/2 

(iii) The subalgebra u^ C \J/ is normal with the quotient algebra equal to C/(n~). D 

1 /2 

Note yet that this splitting of the projection U^' — > U(n~) does not extend to a splitting of the 
projection U^ — > U{q). 

1/2 

Consider the restriction of the quasi- Verma module Mf{w ■ iX) onto the subalgebra \J/ . 

1/2 U^/^ 

Lemma: The U^ -module MY{w ■ iX) is isomorphic to Ind * + C{£{w • A)). D 

In particular M^{w ■ iX) is free over the subalgebra U{n~) C \Je- Consider the left semiregular 
U^-module S^^ . 

Lemma: Sjj' ^^Ind^^f ^ U{n~)* as a left Urmodule. D 

Corollary: 



(i) (s^'(^u,M^{wiX)) =BMp'"~\wow~'-£X). 
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(ii) \sZ[l^^3,W[iX)\ =DTy(a)[tt(i?+)]. 



(iii) (s^[ (g)u,-B;(^A) J = D5;(A)[ti(i?+)]. Here {-Y denotes twisting the Uraction on (•) by the 
Chevalley involution r. D 

/ u-L V 
We denote the functor I S'u* f^u^" ) by S^. Now consider the morphism of complexes of U^- 



modules can : B'{iX) — > W{iX). We have a morphism in the derived category of U^-modules 
6i{can) : BBJ{X)[^{R^)] — > BW{£X)[^{R~^)]. On the other hand consider the canonical map 

D(can) : DVF(£A) — > DS;(A). 

5.9.1. Proposition: For £ big enough we have &£{can) o D(con) = ^dj],iy(^£x)[f,{R+)]- 

Proof. Note that the in the definition of the functor ©£ we never used the fact that we worked 
in the derived category of modules over the quantum group at a root of unity. In particular one can 
construct similar functors 

6^: D(U5-mod) — ^D(U5-mod) 

for any ^ G C*. It is easy to verify that for (, not a root of unity we have 6^ (can) oD (can) = Id2,(£A)[j(_R+)] • 
On the other hand note that the endomorphism spaces of the U^-modules L{£X) (resp. U^-modules 
DVF(£A)) is one dimensional. Thus we can consider S^(can)oD(can) as a (nonzero) polynomial function 
on ^. But the number of roots of this polynomial is finite. D 

— +• — +• 

Corollary: Ext^ (C, BW[£X)) is a direct summand in Ext^ (C, DB;(£A)). D 

Comparing this statement with Corollary 5.8.2| we obtain the main result of the section. 



5.9.2. Theorem: For £ big enough Extu^ (C,Diy(^A)) = H^+{Af, fi^p*C{X)) as a H^{M,Oj^)- 
module. D 



6. Further results and conjectures. 

In this section we present several facts without proof. We also formulate some conjectures concerning 
possible origin of the quasi-BGG complex. 
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6.1. Alternative triangular decompositions of U£. Note that the definition of semiinfinite coho- 
mology starts with specifying a triangular decomposition of a graded algebra u. Fix a subset J C I. 
Instead of the usual height function consider the linear map ht j : X — > Z defined on the elements 
i' ,i (z I by htj(i') = for i ^ J and htj(i') = 1 otherwize and extended to the whole X by linearity. 
Now we work in the category of complexes of X-graded u^-modules satisfying conditions of concavity 
and convexity with respect to the Z-grading obtained from the X-grading with the help of the function 
htj. 

Consider the triangular decomposition of the small quantum group u^ = pj^(8)Uj^, where pj^ denotes 
the small quantum negative parabolic subalgebra in u^ corresponding to the subset J <Z I and Uj^ 
denotes the quantum analogue 

of the nilpotent radical in pj defined with the help of Lusztig generators of U^ and u^ (see [pl[| ). 

Then it is known that the subalgebra Uj^ in u^ is Frobenius just like u^. Thus it is possible to use 



the general definition of semiinfinite cohomology presented in 3.1. Denote the corresponding functor 

2£-|_, 

byExt„',j (*,*)• 

On the other hand consider the classical negative parabolic subalgebra pj C g and its nillradical 
rij. Choose the standard X-homogeneous root basis {fa} in the space nj. Consider the subset in 
M^"^' C N annihilated by all the elements of the base dual to {fa}- 

6.1.1. Theorem: Ext J7(C,C) =i^_^"S"^^(AA, O./V) as i7°(AA,OAr)-modules. D 

6.2. Contragradient Weyl modules with non-£-divisible highest weights. Fix a dominant 
weight of the form £A + w • 0, where A € X and w £ W. It is known that all the dominant weights in 
the linkage class containing look like this. Consider the contragradient Weyl module DW{iX + w-0). 



The following statement generalizes Corollary 5.1.3. Its proof is similar to the proof of Conjecture 



5.1.2 



6.2.1. Theorem: 



chfExt^ {C,OWiiX + wO)),t 



^-i{R+)+l{w) ^v{eX)^2l{v) 



n«eR+(i 



„^w 'n.a€R+ .v(a)PR+ (^ ~ i^e"^") YlaeR+ ,v(a)eR- (^ ~ i'^e"^") 



Gi?+V^ ^ ) ^^yy llaeR+ ,v(a)£R+ y.'^ ''^ ) i laeR+ ,v{a)eR 

6.3. Contragradient Weyl modules: alternative triangular decompositions. Fix the trian- 
gular decomposition of the small quantum group u^ like in |6.1|. A natural generalization of Conjec- 



ture |5.1.2| to the case of the parabolic triangular decomposition looks as follows. We keep the notations 
from p!l|r 

6.3.1. Conjecture: ExtjJ'{C,OWi£X))^=iH'^'^}^'\Af,n^p*£{X)) as a H'^{M,Oj^)-module. D 

6.4. Connection w^ith afRne Kac-Moody algebras. Finally we would like to say a few words 
about a possible explanation for the existence of quasi- Verma modules and quasi-BGG resolutions. 

Suppose for simplicity that the root data (Y, X, . . .) are untwisted, i. e. the corresponding Cartan 
matrix is symmetric. Consider the affine Lie algebra g = Q®C[t, t^^] © CK corresponding to g. Fix a 
negative level —hy + k, where k € l/2Z<o \ Z<o and h"^ denotes the dual Coxeter number for chosen 
root data of the finite type. Consider the Kazhdan-Lusztig category O-k of g(8'C[t]-integrable finitely 
generated g-modules diagonizible with respect to the Cartan subalgebra in g at the level — 2/i^ — k. 
Kazhdan and Lusztig showed that the category O^ posasses a structure of a rigid tensor category with 
the fusion tensor product (8). Moreover, they proved the following statement. 

6.4.1. Theorem: (see jKL 1,2,3^ ) Let i = —2k. Yhen the tensor category (O^,®) is equivalent to 

the category (U^-mod) "^ with the tensor product provided by the Hopf algebra structure on U^. D 

We denote the functor {Ok, (8)) — > ( (U^-mod) ^ ,0) providing the equivalence of categories by kl. 

Consider the usual category Ok for g at the same level. Finkelberg constructed a functor kl : Ok — *• 
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U^-mod extending the functor kl (see 0). Note that the functor kl has no chance to be an equivalence 
of categories because it is known not to be exact. 

Fix a dominant (resp. arbitrary) weight A G X. Consider now the contragradient Weyl module 

DW(A) = CoindJI^g'^^ItD ^^ ^(^) ^"^ ^^^ contragradient Verma module BM{X) = CoindJI^^'^^ItD ^^ OM(A) 
over Q at the level — 2/i^ — k, where L{X) (resp. M(A)) denotes the simple module (resp. the con- 
tragradient Verma module over g with the highest weight A. Then the usual contragradient BGG 
resolution of L(X) provides a resolution DB(A) of the contragradient Weyl module D>V(A) consisting 
of direst sums of contragradient Verma modules of the form DA4{w ■ A), where G W. It is known 
that the Kazhdan-Lusztig functor takes Weyl and contragradient Weyl modules over g to Weyl (resp. 
contragradient Weyl) modules over U^. 

6.4.2. Conjecture: The functor kl takes DA^(u; • ^A) to the contragradient quasi- Verma module 
BM^iw ■ i\). Moreover the complex kl(D0(£A)) is quasiisomorphic to DP7(£A). D 
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